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SUMMARI 


On the "basis of linearized supersonic— flow theory, the lift and 
damping in roll have "been evaluated for families of thin sweptback 
tapered 'wings with raked— in and cross-stream wing tips. Equations were 
derived for wings that are wholly contained within a boundary formed by 
the Mach lines, that is, wings with subsonic leading edges, supersonic 
trailing edges, and supersonic wing tips. Consideration was given to 
some classes of wings with subsonic trailing edges and subsonic wing 
tips . 


Design charts are presented which permit rapid estimation of the 
lift-curve slope C j^ and the damping-ln— roll . derivative C-^. Some 

illustrative variations of the derivatives with aspect ratio, taper 
ratio, Mach number, and leading-edge sweep are also presented and com- 
pared with corresponding data for wings with streamwise tips. 


INTRODUCTION 


A number of papers dealing with the stability derivatives of 
various isolated wing configurations have been published to date (for 
example, references 1 to 8) . The present paper considers the lift- 
curve slope and the damping-in-roll derivative for certain 

plan forms not yet treated in detail. 

Equations and formulas, which are subject to the usual restrictions 
and limitations of linearized thin— airfoil theory, are derived for the 
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lift and damping in roll of sweptback tapered wings with, raked— in and 
cross— stream wing tips at supersonic speeds. The results axe applicable 
to wings with subsonic leading edges, supersonic trailing edges, and 
supersonic wing tips. 

Calculations are presented in the form of design, charts for families 
of wings with (a) raked— in wing tips, such thatrthe inclinations of the 
tip and trailing edge from the free— stream direction are equal, and 
(b) cross-stream wing tips. Approximations for certain types of subsonic 
'trailing edges and subsonic wing tips are included in order to extend the 
range of design parameters under consideration. Some illustrative vari- 
ations of the derivatives with the parameters — Mach number, aspect ratio, 
taper ratio, and leading-edge sweep — are also presented and compared 
with results for streamwise— tip wings. 


SIMBOLS 


x,y,z 

Y 

a 


M 

B = ^M 2 - 1 
P 


Cartesian coordinates 
flight speed 
angle of attack 

angular velocities about X—, X— , and Zr-axes, respectively 
free— stream Mach number (Y/Speed of sound) 

Mach angle 



€ 


8 

a 


angle between leading edge and axis of wing symmetry 
(See fig. 1.) 

angle between trailing edge and axis of wing symmetry 
(See fig. 1.) 

rake angle of wing tip (See fig. 1.) 


m l = 


tan, e 
tan p 


B cot - A 
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tan 5 m l 

tan [i 1 - (l - x 8 )cd 

m = tan R 
^ tan n 

A eweepback angle of leading edge (90° — e) 

8 0 = cot A = tan e 


7 



b 


CD 


S 

A 

*8 


AP 

P 


■wing span 

wing root chord 

geometric parameter of wing 



wing area 

aspect ratio (b^/s) 

taper— ratio parameter (ratio of tip chord to root chord 
based on fictional wing with streaimd.se tip; see 
fig. 1) 

local pressure difference between lower and upper surfaces 
of airfoil, positive in sense of lift 

density 


pressure coefficient 



V 



k 
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k = \|l - 
E *( m l) 


complete elliptic integral of second kind with modulus k; 

^ rt/2 


\ 1 — k 2 sin 2 z dz 


E "( m l) 

E ’( m l) 


E *( m l) 


complete elliptic integral of first kind with modulus k; 
'* /2 


[0 ]ji — k^sin^s 


I W = 


! (l - m l 2 ) 


( 2 -^ 2 ) E *( m 1 ) - 


lift 

rolling moment 


lift coefficient / — 




rolling-moment coefficient 


- pV 2 Sb 
\2 


C r = 




C, =| 


^L\ 

a Cj 
a — 

2V/pb 

• 2Y" 
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x All angles are measured in radians. Subscripts a and .p when 

used outside of parentheses refer to lift and roll, respectively. 


AMETSIS 

Scope 


Hie general type of eweptback plan form treated in the present 
paper 1 b sketched in figure 1. For convenience, the trailing-edge 
angle 8 and the rake angle cr are restricted to acute angles. The 
orientation of the wing with respect to a body system of coordinate 
axes used in the analysis is indicated in figure 2(a) . Figure 2(b) 
shows the wing oriented with respect to the stability axes system. To 
the first order in a (the angle of attack), the derivatives C-^ 


and have the same values in the stability system as they do in 

the principal body axes system (shown dashed in fig, 2(b) ) . 


The analysis is based on linearized thecny and is limited to wings 
of vanishingly small thickness that have zero camber and are not yawed 
with respect to the stream direction. The derivatives are exant (within 
the bounds of linearized theory) for the range of supersonic speeds for 
which the wing leading edge is subsonic and the wing trailing edge and 
wing tip are supersonic. (An edge is termed "subsonic" if the stream 
component normal to the edge is subsonic and is termed "supersonic" if 
the normal component is supersonic . ) 

These conditions impose limitations an the angles e, 8, and p 
(that is, e < {i, 8 > p, and a > p) that may be expressed as follows: 


m^ > 1 


BA* j 


+ X s) 

! 

BA*| 

t 1 + * s ) 

1 + ^1 

to 

1 

H 


< m-L < 1 



( 1 ) 


where 


A + 


A = 




i - 


l6x c 




(l + \ B ) 2 (m2 + m-^AB 


* 
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Consideration is given to some plan forms with subsonic wing tips * 

and subsonic trailing edges. Approximations for the condition of sub- 
sonic wing tips are obtained by use of-reference 7 and approx imat ions 
for wings with subsonic trailing edges are based coa modifications of 
both reference 9 and some unpublished work by Hi S. Eibner of the 
Lewis Flight Propulsion Laboratory . The numerical results presented 
incorporate these corrections wherever practicable, although the mathe- 
matical equations developed in the present paper apply specifically to 
plan forms satisfying the restrictions imposed in equation (l). 


Basic Considerations 

The evaluation of the derivatives Cq^ and C i involves essen- 

tially a knowledge of the lifting-pressure distribution over the wing 
associated with angle of attack for Ct and with rolling for C 7 . 

4 p 

Consider the triangular wing sketched in figure 3(a) . If the 
trailing edge is cut off from the tip to the canter line along an angle 
always greater than the Mach angle, the pressure distribution over the 
re main ing portion of the wing will be unchanged. This fact arises from 
the nature of the supersonic flow in which disturbances are confined 
within the Mach cone from the origin of the disturbance. The afore- 
mentioned cutting procedure produces therefore a series of sweptback 
tapered wings having pointed tips (see fig. 3(b)). The plan forms 
under consideration may now be obtained by cutting off the pointed tips 
along lines having angles greater than the Mach angle (fig. 3(c)). 

The pressures over the remaining portion of the wing are exactly the 
same as if the cutbacks had not been made; that is, the pressure at 
point (x^y^, for example, remains unchanged. 

The appropriate pressure coefficient for the evaluation of the 
lift— curve slope may be obtained from consideration of refer- 

ences 10 and 11 and is expressible as: 




ke o a, 




( 2 ) 
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The pressure coefficient for rolling is derived in reference 12 and 
is as' follows: 


( c p), 


2pS 0 2 I( I «l) 




(3) 


The stability derivatives Cp^ and C^ are then obtained by 
performing the indicated operations: 


p 

c 


(4a) 


C 2 = — 

4 P Sb >. pb 

8 i?u 


(°p)i7 


dS 


(4b) 


where the integration is performed over the complete wing. 


Lift— Curve Slope Cp^ 


The particular form of the lifting-pressure coefficient (constant 
pressure along lines t| = Constant — see equation (2)) suggests the 
polar- integration procedure for the derivation of Cp^. Thus, the 

wing is considered as composed of an infinite number of elemental tri- 
angular areas (see fig. 4). The lift is then determined for each tri- 
angular area and the results summed by integration as indicated in 
equation (4a) . 


The following geometric relationships will prove useful in setting 
up the integral and may be readily derived from, information given in 
figure 4. For wing region TOD, 


X 1 


c r m 2 


mg 




<5yi = 


mg — qmp 


dq 


(5a) 


ds = - e 0 c r 




dq 


(mg - qmj' 


* 
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For wing region TOG, 


dyi = XjS, 


48 - O X 1 ^1 = 


/ m l + m 3 \ 

o\ m lTl + m 3/ 

b / m l + m 3 \ 

0 d ' 11 2 ^ + mg J ^ 


m n + m- 


89, 


o + 


mo 


dr! 




(5b) 


Equation (4a) may now be rewritten as (see fig. 4 for info rmat ion 
pertinent to integration limits) 


°Iu = 


40 o 2 c r ^n 2 2 
SE'( m 1 ) 


p mg m i + m 3 ~ m 3 ai \ 

m-j_ + m jJ 




An 


(mg - ipBjjZyJl - T ) 2 


Jo 


m 


b 2 (m 1 + mg) 2 

Sffi'fmJ 


*ZL 


( m l4 + m s) 2 ]l 1 ~ Tl 2 


mg /mj_ 
mq l amig 


+ mo - mo 


+ mi + mo 


(6) 



Integration, and simplification, yields 


AB J " m 3) + ( m l 2 “ I T p 7 , Z 

^ " tfZTy 1 '' " 77 o nw + "i + "s) 8 " *2 C”! - "3 - VT “ 

S ( m l) f n>g + m^Vm^ — mg2j (mp — m^N ' 


a£mp3 




x ”g°>(% 2 + mgm 3 ) + (nfr + ^(mj 2 - mg 2 ) . 


■W 1 ^ + t) 


mg 


afti^ing + mg cam^m^ — J + ^uj ^ 2 + Digm.^) I 

~ ■ ■ *4“ 1 - ■ '■■ * COB ^ - J-ir X. ■ -L-L-- .. -■- .1-. I _ " ^ 

(mg2 - ( m 3 ~ m i ) 3 ' 2 ^(nig + m 3 ) 

For the special case of cross-stream tips — that is, for m^w — equation (7) reduces to 


(7) 




AB 


=’(«i) 


(m2 


r 


V-Vl 


ft o / . i5 


om^ — — nig'Hl — cd)' 




(®2 2 - m l 2 ) 3/2 


„-l“l 


sin sin' 

mg 


-1 


p p 2 1 

mg <n + m-i^ — mg c 

mtjmpO) 


+ cos 


-1 102(1 ~ 
nt|_ 


^ ( 8 ) 
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Damping— in-Eoll ' Der i yat i ve C^p 

In a manner analogous, to the procedure employed in the previous 
sectipn for Cj, , the rolling moment is determ in ed for an elemental 

Ctr 

triangle and the result is integrated oyer the -wing area to enable the 
evaluation of C ? for the complete wing. 

P 

The rolling moment of an elemental triangle is 


dl* = -y B cLI 


(9) 


where y E is the perpendicular distance from the roll axis to the point 

on the triangle where the resultant lift acts. It can he shown that, 
when the pressure is of the form, x f(ti) (as is indeed the case for 

O 

rolling — see equation (3)), the resultant lift acts at the chord 

■5 

point of the triangle, that— is, at ^ x^. 

Since the y— coordinate of— this point is 






y-R = 


1 

4 




( 10 ) 


and the lift (due to rolling) on an elemental triangle is 


n *l 

dL = (£P)p © 0 di] x dx 

Jo 


3 



( 11 ) 
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the following integral form, for may he obtained from consideration 

of equations (4b), (5), (9), (10), and (ll): 




2 8 


P v 2 sb a 

27 u 


dL* 


h 2 S 


fr 2 (m-l + m 3) 4l M 
8s 


l m 2 / m i + m 3 “ m-^ujx 
m-j_ yonig + m.-^ + 


ij 2 dTi 


(mg - rfn-jy \|l - T) 2 




“2 / m l + m 3 ~ m-^D \ ( m 3 + ^l) ^ 

m-1 1 ojmg + + m^y 


( 12 ) 



Integration and simplification yields 


/ V {hi + ”3 -“ 3 ) [K k + ~ ^)h + -3 “ V) + (V + 

ABX(»l) Jt 1 ^*1 + - ^)] t *L g (a»L e + 13-^) fern + -!-*■ » 3 ) g ^ 

16 (»l e -»^) 3 \ + m 3 )3 


! »i a (“E® + *1 + “ 3 )® - >^(®L | ®3 ~ *3^) 2 + 


“2 5 (VL fi + »2 2 ) “S®(»l S + “£“ 3 ) + (“L + “3)(“L S “ “2®) *L “L"^ 3 ^ 2 + 

' Mjj " 


+ ”3) 


l, 3^t B s) 

(®L - *3) 3 


I’th + “3 - “^peh | “3 + 

lQa^ 3 !^® - J +■ + 


W* * “3 e J J ^ «^h- ~ °3) + (^ g + ”^ 3 ) L g7B l g "3 g ~ VS g K g + 


»!.{*£ + *3) 




e (»6 a>+I d + “3) 2 -“S £ (*L +“3 -““3 )® 
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For the special case of cross-stream tips — that is, m.g-K» — equation (13) reduces to 


BC-j 


ABlJmjJ 

16 


or 


(“l 2 - “2 2 ) 3 


+ 13n^ 2 ) 


(ingS \[l - <n) fang 1 *' - lTm-j 2 ^ 2 - 05(600^ + lOnt, 2 m P a - %, J ^| 
L ■ (_ ' ■ “ ~ “ a 

1^ ia^ 2 ^gnij 2 iS^g 2 ^ ^ ^mj. 2 ~~ ^*g 2 (-i — o^) 2 


3m^ 2 m3 


n + 3^2^ 
^2 _ ^2 


, _■, “l 2 -“2 2 (l-^) . _!®L \ 

r 1 ti -L — sin I , 






1^(1 -q) ^(l-cn) r— - 

cos-1 — — + % g \K - “2 2 (l - <») 2 


( 14 ) 
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It should he noted that the i(m^) function present in the formulas 

for rolling, as -well as the E* function in the case of lift, are 

elliptic functions . For purposes of. convenience in applying the final 

formulas, variations of E"(mp) = — an.d l(m^) with nt, are pre— 

E (n^) 


sented in figure 5 . 


KESUITS AND DISCUSSION 


As stated previously, the equations are derived specifically for 
wings with subsonic leading edges, supersonic trailing edges, and super- 
sonic wing tips. The design charts presented, however, include cases 
for subsonic wing tips and subsonic trailing edges. The approximations 
used to correct for the subsonic tips are based on formulas (for wings 
with streamwise tips) presented in reference 7 * modified to take into 
account differences in wing-tip configurations . The approximations used 
to correct for certain classes of subsonic trailing edges (those cases 
where the Mach lines from, the apex of the trailing edge intersect the 
tip) are based on modifications of-both reference 9 and some unpublished 
research. All numerical calculations for the design charts (figs. 6 
to 9 ) based entirely on the equations derived in the present paper are 
represented by those solid— line portions of the curves to the right of 
the boundary line. Those computations incorporating the aforementioned 
corrections and approximations for subsonic tips and subsonic trailing 
edges are indicated by the solid— line portions of the curves to the 
left of- the boundary line. The dashed portions of the curves (which 
refer to plan forms with subsonic trailing edges where the Mach lines 
from the apex of the trailing edge intersect the leading edge) are 
given merely as a guide and do not represent actual calculations. The 
sections of the dashed curves adjacent to the solid sections are believed 
to give fair approximations ; the. sections of the dashed curves remote 
from the solid sections may, be quite inaccurate and should be used only 
as rough approximations . Information relative to the quantitative 
evaluation of the lift and damping in roll for such cases may be found 
in references 13 and 14, respectively. 
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Two types of rated.— in tips were considered for calculation purposes: the special case 

of cross— stream tips ( ff “ g) for which the geometric parameter <d becomes 


a* 

^=2 


H' 

C 1 - 

| + ABI 

(l + >-e) 

1 - \|a 2 b 2 | 

[1 + ^s) 2 - 

( 1 + X B 2 ) 

| + 16^2(1 - \ B ) 

2AB 


2 


(15a) 


and the case where the rake angle equals the trail in g-edge angle (cr a 5) for which the 
parameter cd is expressible as 


CD 


0ti8 


ltttt^l - x 0 ) + Ab(i + \ B ) - ^ A 2 B 2 (l + * e ) 2 - SABn^ + lentil - 



( 15 b) 


Xnasmuoh as =■ B cot A and nig = - — 1 — y -, the derived formulas for BGj^, (equations ( 7 ) 

and (8)) and BC^ (equations ( 13 ) and (id)) are readily seen to be functions of the param- 
eters ABj B cot A, arid \ s . Design charts were prepared in terms of these parameters and are 
presented in figures 6 to 9* Figures 6 and 7 present lift-curve-slope calculations of the 

wings with rsked-in tips (cr = 8) and cross-stream tips respectively; corresponding 

charts for damping in roll are given in figures 8 and 9* 
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For I llus trative purposes, some specific variations of the 
derivatives C T and C 7 with each of the parameters - aspect ratio, 

nx ‘■p 

taper ratio, Mach number, and leading-edge sweep — are presented in 
figures 10 and 11, respectively. Comparison with results obtained from 
reference 7 for streamwise tips is indicated in each figure. 


CONCLUDING- REMARKS 


On the basis of the linearized theory for supersonic flow, the lift— 
curve slope C L and the damping-in— roll derivative have been 

evaluated for families of thin sweptback tapered wings with raked— in 
and cross-stream wing tips for a limited range of- supersonic speeds . 

Results of the analysis are presented in the form of design chartB 
which permit rapid estimation of the derivatives. Some illustrative 
variations of the derivatives with aspect ratio, taper ratio, Mach 
number, and leading— edge sweep are also presented and compared with 
corresponding data for wings with streamwise tips. 


Langley Aeronautical Laboratory 

National Advisory Committee for Aeronautics 

Langley Air Force Base, Va., December 8, 19^9 
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(a) Notation and body axes used in analysis. 



(b) Stability axes. Force and moment arrangement in principal 
body axes system is identical rrith that-of stability axes 
system. (Principal body axes dashed in for comparison.) 


Figure 2.- System of axes and associated data. 



t 




(a) Triangular wing. 


(c) Swept back wing with raked-in tipe. 


P 


Figure 3*- Wing9 with identical pressures at corresponding points (for example, at point (xo>yo))* 
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Figure 4 .- Sketch of right panel of wing shoving an elemental triangle 
and associated data pertinent to integration limits. Relation^ 

y 

for x, y, tj: *) = — and equation of line connecting 0 and T: 

X U6LI1 € 
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(a) X B = 0.25. 

Figure 6.- Variation of with B cot A for wings with, raked- in 

tips (cr = 8) . See section entitled "Results and Discussion" for 
significance of boundary line and dashed portions of curves. 
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(b) x 8 = 0.50. 

Figure 6.- Continued 
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(b) X s = 0.50. 

Figure 7«- Continued. 
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(c) X B * 0.75. 


Figure 7 


Concluded 
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B cot A. 

Cb) \ s = 0.50. 
Figure 8.- Continued. 
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(a) X E 


Figure 9* - Variation of -BC^ with 


stream tips 


(•■a- 


See section 


for significance of boundary line 


- 0.25. 

B cot A for wings with cross- 
entitled "Results and Discussion" 
and dashed portions of curves. 
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*•3 




15 25 35 45 55 

A 


Figure 10.- Some illustrative variations of lift-curve slope Cj^ with 
Mach number, sweepback, taper ratio, and aspect ratio for wings with 
cross-stream tips ^cr => raked- in tips (a = 8) , and streamwise 

tips (<7*0- data from reference J) . Sample wings sketched in 
figure have following characteristics: A = 4, X s = 0.5; A ■ 53 ° > 

and constant wing area. 
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/U* 
A s *< 0.5 
S3 


M *1-4 1 4 


M . 14/4- 
JV* S3' 


M--/5 


_A_ = 63 


Figure 11."- Some illustrative variations of damping- in- roll derivative -C 

with Mach number, sweephack, taper ratio, and aspect ratio for wings 

with cross-stream tips (a » raked-in tips (cr = 5), and streamwise 

tips (cr = 0 - data from reference 7) • Sample wings sketched in figure 
have following characteristics: A = k, X s = 0.5, A = 53°, and 

constant wing area. 
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